Rules for integrands of the form (d Tan[e + fx])" (a+bSec[e + fx])"

m-IEZ Aa’-b%=0

1. |Tan[c+dx]" (a+bSec[c+dx])"dx when e

1: JTan[c+dx]’“ (a+bSec[c+dx])"dx when %ez Aa?-b2=0 Anez

Derivation: Integration by substitution

Basis:lf%ez Aa2-b2=0 A nez,then
Tan[c+dx]" (a+bSec[c+dx])" =

(a-b x) m; (a+b x) m;
Xm+n

+n

1
— o Tpg Subst

am

s X, Cos[c+dx]} OxCos[c +dx]

Rule:lf”‘z;lez A a%?-b%2=0 A nez,then

1 a-bx T a+bx T
J\Tan[c+dx]m(a+bSec[c+dx])"d1x—> -—Subst[J\( ) (@+bx) dx, X, Cos[c+dx]]
am-n-l bn d Xm+n

Program code:

Int[cot[c_.+d_.*x_]”m_.x(a_+b_.xcsc[c_.+d_.*x_])”"n_.,x_Symbol] :=
1/ (a” (m-n-1) xb”nxd) *Subst [Int [ (a=bxx)~ ((m-1) /2) * (Q+bxx)~ ((m-1) /2+n) /X" (m+n) ,X] ,X,Sin[c+dxX] ] /3
FreeQ[{a,b,c,d},x] && IntegerQ[(m-1)/2] && EqQ[a~2-b”2,0] && IntegerQ[n]

2: JTan[c+dx]’" (a+bSec[c+dx])"dx when '";1 €Z A a’-b?=0 An¢z

Derivation: Integration by substitution

Basis: If % €Z A a*-b? = 0,then

m-1 m-1

Tan[c+dx]™= —15 Subst asbxi e (a:bX) 2 x, Sec[c+dx]| OxSec[c+dX]

Rule: If ’"2;1 €Z A a?-b? = 9,then



Rules for integrands of the form (d tan(e+f x))~n (a+b sec(e+f x))"m

bm—l

1 (-a+bx)m§—1(a+bx)§*"
Tan[c+dx]" (a+bSec[c+dx])"dx — Subst[ dx, X, Sec[c+dx]]
d X

Program code:
Int[cot[c_.+d_.*x_]"m_.*(a_+b_.*csc[c_.+d_.*x_])"n_,x_Symbol] :=

-1/ (dxb” (m-1) ) *Subst [Int[ (-a+bxx) " ((m-1) /2) * (a+bxx) ~ ((m-1) /2+n) /X,X] ,X,Csc[c+d*x]] /;
FreeQ[{a,b,c,d,n},x] && IntegerQ[ (m-1)/2] && EqQ[a”*2-b”"2,0] && Not[IntegerQ[n]]

2. J(eTan[c+dx])m (a+bSec[c+dx]) dx

1: j(eTan[c+dx])’" (a+bSec[c+dx]) dx whenm>1

Rule: If m > 1, then

J(eTan[c+dx])"1 (a+bSec[c+dx]) dx —

e(eTan[c+dx])™ (am+b (m-1) Sec[c+dx])

dm (m-1)

2
e—J(eTan[c+dx])““2 (am+b (m-1) Sec[c+dx]) dx
m

Program code:

Int[(e_.xcot[c_.+d_.*x_])"m_=* (a_+b_.*xcsc[c_.+d_.*x_]),x_Symbol] :=
-ex (exCot[c+d*Xx] )~ (m-1) x (axm+bx (m-1) xCsc[c+dxXx]) / (dxm* (m-1)) -
er2/mxInt[ (exCot[c+d*x]) " (m-2) » (axm+b* (m-1) *Csc [c+d*x]) ,x] /;

FreeQ[{a,b,c,d,e},x] && GtQ[m,1]

2: J(eTan[c+dx])"‘ (a+bSec[c+dx]) dx whenm< -1

Rule: If m < -1, then

j(eTan[c+dx])'" (a+bSec[c+dx]) dx —



Rules for integrands of the form (d tan(e+f x))~n (a+b sec(e+f x))"m

(eTan[c +dx])™?* (a+bSec[c+dx]) 1 5
- J(eTan[c+dx])'“* (@a(m+1) +b (m+2) Sec[c+dXx]) dx
de (m+1) e? (m+1)

Program code:

Int[(e_.*cot[c_.+d_.*x_])"m_=*(a_+b_.xcsc[c_.+d_.*x_]),x_Symbol] :=

- (exCot[c+d*x] )" (m+1) » (a+bxCsc[c+d*x]) / (d*xex (m+1)) -

1/ (e”2% (m+1) ) *Int[ (exCot[c+d*x] )~ (m+2) * (ax (M+1) +bx (m+2) *Csc[c+d*x]) ,x] /;
FreeQ[{a,b,c,d,e},x] && LtQ[m,-1]

a+bSec[c+dx]
3: f—d]
Tan[c +dx]

X

Derivation: Algebraic simplification

a+bSec[z] __ b+aCos[z]
Tan[z] T Sin[z]

Basis:

Rule:

a+bSec[c+dx] b+aCos[c+dXx]
J—dlx—» J—dx

Tan[c +d x] Sin[c +dx]

Program code:

Int[(a_+b_.xcsc[c_.+d_.*x_])/cot[c_.+d_.*x_],x_Symbol] :=
Int[ (b+axSin[c+dx]) /Cos[c+d*x],x] /;
FreeQ[{a,b,c,d},x]



Rules for integrands of the form (d tan(e+f x))~n (a+b sec(e+f x))"m

4: J(eTan[c+dx])’" (a+bSec[c+dx]) dx

Derivation: Algebraic expansion

Rule:

j(eTan[c+dx])’" (a+bSec[c+dx]) dx — aJ(eTan[c+dx])"‘dlx+bj(eTan[c+dx])'“Sec[c+dx] dx

Program code:

Int[(e_.xcot[c_.+d_.xx_])”m_.x(a_+b_.xcsc[c_.+d_.*x_]),x_Symbol] :=
axInt[ (exCot[c+d*x])”~m,x] + bxInt[ (exCot[c+d*x])” mxCsc[c+d*x],x] /;
FreeQ[{a,b,c,d,e,m},x]

m-1

3: |Tan[c+dx]™ (a+bSec[c+dx])"dx when ez A a2-b%2#0

Derivation: Integration by substitution

m-1

Basis: If% e Z,thenTan[c+dx]™ == lﬁn{TZSubst[jbz;f)—z, X, bSec[c+dx]} Ox (bSec[c+dx])

Rule: If % €7 A a?-b?+0,then

(-1)7 (b2 - %)
Tan[c+dx]" (a+bSec[c+dx])"dx — - SMst[
db™

m-1
2

(a+x)"

dx, X, bSec[c+dx]]
X

Program code:

Int[cot[c_.+d_.*x_]"m_.*(a_+b_.*xcsc[c_.+d_.*x_])"n_,x_Symbol] :=
- (-1)~((m-1) /2) / (d*xb” (m-1) ) *Subst [Int [ (b*2-x"2) " ((m-1) /2) * (a+X) *n/X,X] ,X,bxCsc [c+d*x]] /;
FreeQ[{a,b,c,d,n},x] && IntegerQ[ (m-1)/2] && NeQ[a”2-b"2,0]



Rules for integrands of the form (d tan(e+f x))~n (a+b sec(e+f x))"m

4: J(eTan[c+dx])'“ (a+bSec[c+dx])"dx whennez*

Derivation: Algebraic expansion

Rule: If n € Z*, then

J(eTan[c+dx])’“ (a+bSec[c+dx])"dx — J(eTan[c+dx])’"ExpandIntegrand[(a+bSec[c+dx])", x] dx

Program code:

Int[(e_.*cot[c_.+d_.*x_])"m_=*(a_+b_.*csc[c_.+d_.*x_])"n_,x_Symbol] :=
Int [ExpandIntegrand[ (exCot[c+dxx])”~m, (a+bxCsc[c+d*x])”*n,x],x] /;
FreeQ[{a,b,c,d,e,m},x] && IGtQ[n,0]



Rules for integrands of the form (d tan(e+f x))~n (a+b sec(e+f x))"m

5. J(eTan[c+dx])'“ (a+bSec[c+dx])"dx when a?-b?::0

1: |Tan[c+dx]" (a+bSec[c+dx])"dx whena’-b?=0@ A Tez A n—%ez

Derivation: Integration by substitution

Basis: Ifa> -b> =0 A 2 ez A n- % € Z,then

Tan[c+d x]

2+n+i X" (2+a x? 2—+n—;—
Tan[c+dx]m(a+bSec[c+dx])”::LSubst{ (2: )2 , X, ——ran[c+dx] }
d (1+ax?) \/a+b Sec[c+d x]
Rule:ifa?-b>==0 A D cZ A n- % € 7, then
J 2277 Jxm (2+ axz);m_% Tan[c +dx]
Tan[c+dx]" (a+bSec[c+dx])"dx — Subst[ —dx, x,
d (1+ax?) YVa+bSec[c+dx]

Program code:

Int[cot[c_.+d .*x_]”m_.*(a_+b_.*csc[c_.+d_.*x_])”"n_.,x_Symbol] :=
-2%a”*(m/2+n+1/2) /d*Subst [Int [x*m* (2+a*x”2) ~ (m/2+n-1/2) / (1+a*x"2) ,x],x,Cot [c+dxx] /Sqrt[a+bxCsc[c+d*x]]] /;
FreeQ[{a,b,c,d},x] && EqQ[a”2-b"2,0] && IntegerQ[m/2] && IntegerQ[n-1/2]

X \arbsec[c+dx]



Rules for integrands of the form (d tan(e+f x))~n (a+b sec(e+f x))"m

2: J(eTan[c+dx])’" (a+bSec[c+dx])"dx when a? -b?=0 A nez"

Derivation: Algebraic simplification
Basis: If a2 - b? == 0,thena+bsec[z] = a?e? (eTan[z])?2 (—a+bSec[z])'1
Rule:If a2 -b%? =20 A nez,then

J(eTan[c+dx])"‘ (a+bSec[c+dx])"dx — a2"e'z“J(eTan[c+dx])'“*2" (-a+bSec[c+dx]) "dx

Program code:

Int[(e_.xcot[c_.+d_.xx_]1)”"m_=* (a_+b_.xcsc[c_.+d_.*x_])”n_,x_Symbol] :=
a” (2xn) xe” (-2xn) xInt[ (exCot[c+d%x]) " (m+2xn) / (-a+bxCsc[c+d*x])*n,x] /;
FreeQ[{a,b,c,d,e,m},x] &% EqQ[a”2-b"2,0] && ILtQ[n,0]

3: J(eTan[c+dx])’" (a+bSec[c+dx])"dx whena?-b%2==0 A n¢z

Rule: If a2 - b? == 9, then

~J.(eTan[c+dx])'“ (a+bSec[c+dx])"dx —

m+1 m+3 a-bSec[c+dx]

a-bSec[c+dx]

2™+l (e Tan[c+dx])™! (a+bSec[c+dx])" a m+n+1
( ,Mm+n, 1, -

AppellFl[
de (m+1)

a+bSec[c+dx]

Program code:

Int[(e_.*xcot[c_.+d_.*x_])"m_=*(a_+b_.*csc[c_.+d_.*x_])”"n_,x_Symbol] :=
-2~ (m+n+1) % (exCot [c+d*x] )~ (m+1) » (a+bxCsc[c+d*x])*n/ (dxex (m+1) ) = (a/ (a+bxCsc[c+d*x]) )~ (m+n+1) *
AppellF1[ (m+1) /2,m+n,1, (m+3) /2,- (a-bxCsc[c+dxx]) / (a+bxCsc[c+d*x]), (a-bxCsc[c+dxx]) / (a+bxCsc[c+d*x])] /;
FreeQ[{a,b,c,d,e,m,n},x] && EqQ[a~2-b"2,0] && Not[IntegerQ([n]]

2 2 ’ a+bSec[c+dx]’

a+bSec[c+dx]

]



Rules for integrands of the form (d tan(e+f x))~n (a+b sec(e+f x))"m

6. j(eTan[c+dx])'“ (a+bSec[c+dx])"dx when a2 -b%2#0

1. J*(eTan[c+dx])’"

dx whena?-b2#0 Am-Ltez
a+bSec[c+dx] 2

1 J(eTan[c+dx])"‘

dx whena?-b2#0 Am+ tez*
a+bSec[c+dx] 2

eTan[c+dXx
1: J VeTanic+dx] dx whena?-b2#0

a+bSec[c+dx]

Derivation: Algebraic expansion

Basis; —— -+ _ b

a+bSec[z] a a (b+aCos[z])

Rule: If a2 - b% # 0, then

J-\/eTan[c+dx]

a+bSec[c+dx]

Program code:

Int[Sqrt[e_.xcot[c_.+d_.*x_]]/(a_+b_.xcsc[c_.+d_

— —Jmcﬂx—

.*X_]) ,Xx_Symbol]

J

VeTan[c +dXx]
— dx

b+acCos[c+dx]

1/a»Int[Sqrt[exCot[c+d+x]],X] - b/axInt[Sqrt[exCot[c+dxx]]/(b+a*Sin[c+d+x]),x] /;

FreeQ[{a,b,c,d,e},x] && NeQ[a*2-b"2,0]

9 (eTan[c+dx])"
.J.a+bSec[c+dx]

Derivation: Algebraic expansion

Basis. Tan[z]®> __ _ a-bSec[z] . a’-b?

* a+bsec[z] b? b? (a+bSec[z])

Rule:If a2-b%2+0 A m- % e 7", then

dx whenaz—bz;te/\m—%ez+



Rules for integrands of the form (d tan(e+f x))~n (a+b sec(e+f x))"m

T d n
J-(e an[c +dx]) dx

o2 , e? (a*-b?) ~(eTan[c+dx])™2
—)——.J‘(eTan[c+dx])'“‘ (a-bSec[c+dx]) dx + j
a+bSec[c+dx] b2 b?

a+bSec[c+dx]

Program code:

Int[(e_.*cot[c_.+d_.*x_])"m_/(a_+b_.xcsc[c_.+d_.*x_]) ,x_Symbol]
-e”2/b”2xInt[ (exCot[c+dxx] )" (m-2) x (a-bxCsc[c+dxx]) ,x] +
e”2x (a”2-b”2) /b”2xInt[ (exCot[c+dxx]) " (m-2) / (a+bxCsc[c+d*x]) ,x] /;
FreeQ[{a,b,c,d,e},x] && NeQ[a”2-b"2,0] && IGtQ[m-1/2,0]

9 J~(eTan[c+dx])"‘

dx whena2-b2#0 Am-tez-
a+bSec[c+dx] 2

1

1: J dx whena?-b?#0
VeTan[c+dx] (a+bSec[c+dx])

Derivation: Algebraic expansion

Basis; —t— - 1 b

a+bSec[z] T a - a (b+aCos[z])

Rule: If a2 - b? # 0, then

1 1

1 b 1
J—dx_—J dx
VeTan[c +dXx] aJ veTan[c+dx] (b+aCos[c+dx])

J‘X/eTan[c+dx]

dx — —
(a+bSec[c+dx]) a

Program code:

Int[1/ (Sqrt[e_.xcot[c_.+d_.*x_]]*(a_+b_.xcsc[c_.+d_.*x_])),x_Symbol] :=

1/axInt[1/Sqrt[exCot[c+d+x]],x] - b/axInt[1/(Sqrt[exCot[c+dxx]]+ (b+axSin[c+dxx])),x] /;
FreeQ[{a,b,c,d,e},x] && NeQ[a”2-b"2,0]



Rules for integrands of the form (d tan(e+f x))~n (a+b sec(e+f x))"m

eTan[c+dx])"
2: j( L 1) dlxwhenaz—b2¢eAm+%EZ‘

a+bSec[c+dx]

Derivation: Algebraic expansion

. 2 2
BaSIS- 1 __ a-bsec[z] + b% Tan[z]

* a+bsec[z] a?-b? (a%-b?) (a+bSec[z])

Rule:If a2-b%2 +0 A m+ % e 7, then

(eTan[c+dx])" 1 b2 (eTan[c +dx])™?
J—dlx—» J(eTan[c+dx])"‘(a—bSec[c+dx])dlx+ J dx
2 e az_bz)

a+bSec[c+dx] aZ-b a+bSec[c+dx]

Program code:

Int[(e_.*xcot[c_.+d_.xx_])"m_/ (a_+b_.xcsc[c_.+d_.*x_]),x_Symbol] :=

1/ (a”2-b”2) xInt[ (exCot [c+d*x]) *m* (a-bxCsc[c+d*x]) ,X] +

b”2/ (e”2x (a”2-b”2) ) xInt[ (exCot [c+dxx] )" (m+2) / (a+bxCsc[c+dxx]) ,x] /;
FreeQ[{a,b,c,d,e},x] && NeQ[a*2-b"2,0] && ILtQ[m+1/2,0]

10



Rules for integrands of the form (d tan(e+f x))~n (a+b sec(e+f x))"m

m

2, JTan[c+dx]’“ (a+bSec[c+dx])"dx when a2 -b%2#0 A J€Z
m

1. |Tan[c+dx]™ (a+bSec[c+dx])"dx when a2-b%#0 A S ez’

1: |Tan[c+dx]? (a+bSec[c+dx])"dx when a2 -b?#0

Derivation: Algebraic expansion
Basis: Tan[z]2 = -1+ Sec[z]?2
Rule: If a2 - b% # 9, then

~J-Tan[c+dx]2 (a+bSec[c+dx])"dx — j(—1+Sec[c+dx]2) (a+bSec[c+dx])"dx

Program code:

Int[cot[c_.+d_.*x_]"2%(a_+b_.*xcsc[c_.+d_.*x_])”"n_,x_Symbol] :=
Int[ (-1+Csc[c+d*x]"2) x (a+bxCsc[c+d*x])*n,x] /;
FreeQ[{a,b,c,d,n},x] && NeQ[a”2-b"2,0]

11



Rules for integrands of the form (d tan(e+f x))~n (a+b sec(e+f x))"m

2: |Tan[c+dx]™ (a+bSec[c+dx])"dx when a?-b%#0 A %ez"A n—%ez

Derivation: Algebraic expansion
Basis: Tan[z]2 == -1 + Sec[z]2
Rule:If a>-b>#@ A D cz" A n- % € Z,then

JTan[c+dx]m (a+bSec[c+dx])"dx — J(a+b5ec[c+dx])" ExpandIntegrand[(—1+Sec[c+dx]2)

Program code:

Int[cot[c_.+d_.*x_]”m_=x(a_+b_.xcsc[c_.+d_.xx_])”n_,x_Symbol] :=
Int [ExpandIntegrand[ (a+bxCsc[c+d*x]) " n, (-1+Csc[c+dxx]”~2)~(m/2),x],X] /;
FreeQ[{a,b,c,d,n},x] && NeQ[a”*2-b"2,0] &% IGtQ[m/2,0] && IntegerQ[n-1/2]

m/2

» X] dx

12



Rules for integrands of the form (d tan(e+f x))~n (a+b sec(e+f x))"m

2: |Tan[c+dx]™ (a+bSec[c+dx])"dx whena?-b2#0 A er‘A n—%ez

Derivation: Algebraic expansion
Basis: If % € Z,then Tan[zj" = (-1+csc[z]2) ™2
Note: Note need find rules so restriction limiting m equal 2 can be lifted.

Rule:If a>-b>+ @ A J ez A n—%ez,then

-m/2

jTan[c +dx]™ (a+bSec[c+dx])"dx — ~J.(a+ bSec[c +dx])"ExpandIntegrand[ (-1 + Csc[c +dx]?)™*, x] dx

Program code:
Int[cot[c_.+d_.*x_]”m_=x (a_+b_.xcsc[c_.+d_.xx_])”n_,x_Symbol] :=

Int [ExpandIntegrand[ (a+bxCsc[c+d*x]) " n, (-1+Sec[c+dxx]*2)~(-m/2),x],Xx] /;
FreeQ[{a,b,c,d,n},x] & & NeQ[a”*2-b"2,0] &% ILtQ[m/2,0] && IntegerQ[n-1/2] && EqQ[m,-2]

3: j(eTan[c+dx])’" (a+bSec[c+dx])"dx when a2-b2#0 A nez*

Derivation: Algebraic expansion

Rule:If a2 -b%? +0 A n ez, then

j(eTan[c+dx])"‘ (a+bSec[c+dx])"dx — J(eTan[c+dx])"‘ExpandIntegr‘and[(a+bSec[c+dx])", x] dx

Program code:

Int[(e_.*xcot[c_.+d_.xx_]1)"m_=*(a_+b_.xcsc[c_.+d_.*x_])”n_,x_Symbol] :=
Int [ExpandIntegrand[ (exCot[c+d*x]) " m, (a+bxCsc[c+d*x]) " n,x],x] /;
FreeQ[{a,b,c,d,e,m},x] && NeQ[a*2-b"2,0] && IGtQ[n,0]

13



Rules for integrands of the form (d tan(e+f x))~n (a+b sec(e+f x))"m

4: JTan[c+dx]"‘ (a+bSec[c+dx])"dx when a2-b2#@ AneZ AmezZ A (%ez v ms1)

Derivation: Algebraic normalization

Basis:a + bSec[z] == twa);cso[sz[]g

Basis: Tan[z] == %%]L

Rule:lf a2-b2+@ AneZ AmeZ A (%eZ\/msl),then

Sin[c+dx]™ (b+acCos[c+dx])"

J‘Tan[c+dx]'“ (a+bSec[c+dx])"dx — j
Cos[c+dx]™"

Program code:

Int[cot[c_.+d_.*x_]”m_.x(a_+b_.xcsc[c_.+d_.*x_])"n_,x_Symbol] :=
Int[Cos[c+d+x] mx (b+axSin[c+dxx])~n/Sin[c+d*x]~ (m+n),x] /;
FreeQ[{a,b,c,d},x] &% NeQ[a*2-b"2,0] && IntegerQ[n] && IntegerQ[m] &% (IntegerQ[m/2] || LeQ[m,1])

u: J(eTan[c+dx])'“ (a+bSec[c+dx])"dx

Rule:

J.(eTan[c+dx])'" (a+bSec[c+dx])"dx — J(eTan[c+dx])m (a+bSec[c+dx])"dx

Program code:

Int[(e_.*cot[c_.+d_.*x_])"™m_.*(a_.+b_.xcsc[c_.+d_.*x_])”n_.,x_Symbol] :=
Unintegrable[ (exCot [c+d*X]) “m* (a+bxCsc[c+d*Xx])*n,x] /;
FreeQ[{a,b,c,d,e,m,n},x]



Rules for integrands of the form (d tan(e+f x))~n (a+b sec(e+f x))"m

Rules for integrands of the form (d Tan[e + fx]P)" (a+bSec[e + fx])"

1:JXehnu+dxﬂf%a+b%cu+dxn"dxw%nmez

Derivation: Piecewise constant extraction

Basis: o, {efanlcdx®)” g

(eTan[c+d x])"™P

Rule: If m ¢ Z, then

(eTan[c+dx]P)"

J‘(eTan[c+dx]p)m (a+bSec[c+dx])"dx — j(eTan[c+dx])’"p (a+bSec[c+dx])"dx

(eTan[c +dx])™P

Program code:

Int[(e_.xcot[c_.+d_.xx_])"m_=*(a_+b_.xsec[c_.+d_.*x_])”n_.,x_Symbol] :=
(exCot[c+d*x] ) mxTan[c+dxx] mxInt[ (a+bxSec[c+d*x])”~n/Tan[c+dxx]” m,x] /;
FreeQ[{a,b,c,d,e,m,n},x] && Not[IntegerQ[m]]

Int[(e_.xtan[c_.+d_.xx_]"p_)"m_x(a_+b_.xsec[c_.+d_.*x_])”"n_.,x_Symbol] :=
(exTan[c+d*x]~p) *m/ (exTan[c+d*x] )~ (mxp) *Int[ (exTan[c+d*x] )~ (m*xp) » (a+bxSec[c+d*x])*n,x] /;
FreeQ[{a,b,c,d,e,m,n,p},x] && Not[IntegerQ[m]]

Int[(e_.xcot[c_.+d_.xx_]1"p_)"m_x(a_+b_.xcsc[c_.+d_.*x_])”"n_.,x_Symbol] :=
(exCot [c+dxx]~p)~*m/ (exCot [c+dxx] )~ (mxp) *Int[ (exCot[c+dxx] )~ (mxp) * (a+bxCsc[c+dxx])*n,x] /;
FreeQ[{a,b,c,d,e,m,n,p},x] &% Not[IntegerQ[m]]
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